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Background

ü Time-dependent reliability considers performance through time. 

Such a design can, among others:

V Reduce warranty cost

V Increase customer satisfaction

V Identify maintenance schedules

ü Real systems arelarge with millions of degrees of freedom

DOF (> 5 million)

ü Small number of nonlinear components (e.g. active suspension, 

tires) exist in large vibratory systems along with large linear 

vibratory subsystems (e.g. trim body).

The response of time-dependent systems is a random process
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Challenges:

Å Quantification of a Input Random Process (Gaussian/Non-Gaussian).

Å Calculation of Output Uncertainty(Gaussian/Non-Gaussian).

Å Propagation of Uncertainty (Linear/nonlinear Systems).

× Reduce the number of system simulations needed for TD-RBDO.

× Reduce computational cost of each simulation for large vibratory systems.

Design Under Uncertainty
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Quantification and Propagation of Uncertainty
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Quantification of a Random Process

A zero mean, stationary Gaussian process is fully characterized by its 

autocorrelation function.

( ) 2R t =s=0xx

Correlation Length

For anon-Gaussian processwe need skewness and kurtosis in addition to 

the autocorrelation function.

Marginal PDF at t1
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Response of a Linear Vibratory System
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Definition of Failure

8

Failure if defined as an event where, response 

exceeds certain threshold.
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Schematic of TD -RBDO Approach (Simulation -Based)
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Component Mode  Synthesis 

(CMS) after partitioning the 

system into linear and 

nonlinear substructures for 

efficient system simulation.
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Dependent 
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Random Variables

Example: m1, k1, etc

Random Processes
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Non-Gaussian Loading and Non-Linear System
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Metamodel of Output Autocorrelation Function for 
Random Vibration of Non -Linear Systems
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Background: PCE -KL Method

Polynomial Chaos Expansion ïKarhunen Loeve Expansion (PCE-KL )
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ɝ(t): Standard Normal 

Process

bi: coefficients to be 

calculated
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Define the first 4 ñtargetò moments of non-Gaussianrandom variable Z 
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4 Equations , 

4 Unknowns (b0, b1, b2, b3)

Solve optimization problem

ñCharacterizationò 

of random process

Development of a stochastic metamodel

for generating trajectories of the process 
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Background: PCE -KL Method

Using orthogonality properties of Hermite polynomials:

( ) ()()() ()()[ ]( )ä
=

ÖÖ=
1

212121 !,
i

i
iiZZ ttEitbtbttC xx CZZ(t1,t2): Covariance

Known (given) Only Unknown (Calculate)

( ) ()()[ ]2121, ttEttC xxxx = Trajectories of ɝ(t) using K-L Expansion 

K-L Expansion                       ɚi: Eigenvaluesof

f i(t): Eigenvectors of

ɝi: Independent standard normal variables
() () ii

N

i
i tft xlx ÖÖ=ä

=1

( )21,ttCxx
( )21,ttCxx

12

Realization of ɝi in N dimensions
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Background: PCE -KL-QMC Method

As N increases, M increases 

considerably. 

M ñspace filledò 

trajectories

in N dimensions

Nonlinear   

Vibratory System

ñMò Output

trajectories

Generate new output 

trajectories without solving 

the system 

Moments and

Autocorrelation of 

output
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Quasi Monte Carlo Method (QMC) 

M is the number of system 

simulations required. 
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Computational Cost of Quasi Monte Carlo Method

N (no. of dimensions in KL) = no. 

of significant eigenvalues

ts - Dominated by correlation length of output

Simulation 

Time (s)

No. of 

Eigenvalues in 

KL

No. of simulation of  

large vibratory system

15 30 >500

9 13 200

3 6 60

For a narrow-band process, 

the correlation length is 

large e.g. (> 15 sec).

Computational cost increases considerably with increasing simulation length
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Metamodel Approach for Autocorrelation Function 
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ü A set of decaying sinusoids is used to approximate the autocorrelation 

function (inverse Fourier transform of a Gaussian Function). 

ü A global Genetic Algorithm fits all parameters.

V Small number of system simulations required.

V Duration of each simulation is short.

Metamodel training Length

Correlation Length

phase

frequency

a

w

=

=

number of terms in summationn=

() ( )
1

sink
yy k k k

n

k

R A e
g

w a
- t

=

t = -ä

15



8th BEFORE REALITY CONFERENCE05/21/2019

No. of Terms - n and Optimal Training Length

Develop an initial ñfitò using the autocorrelation of the ñlinearizedò System:

 () () ()
2

YY FFS H Sw w w=
FRF of Linearized System (e.g. 

linearized at mean)

n
Root-Mean-Square 

Error (RMSE)

1 0.0191

2 0.0103

3 0.0003581

4 0.0003479

Inverse Fourier of PSDὛ ‫
provides the autocorrelation of the 

linearized system.
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AR Extrapolation to Address Burn -in period 

Transient but 

artificial effect 

of initial conditions
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Auto-regressive (AR) 

Extrapolation using 

Burgôs Method
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Automotive Truck with Non -Linear Mounts

Input Process Ὂὸ

Non-Gaussian force

4.5 Million DOFs

Non-linear mount

locations

Output Process  ώὸ

Non-Gaussian displacement at 

seat attachment point
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Input Correlation

Length

5.2=cor

F
t

Characterization of Input Process F(t)

Weibull distribution 
Parameters: scale=5 , shape=1.2

First 4 statistical moments

Autocorrelation Function

CreatePCEstochastic metamodel for 

input process and generate 

trajectories of F(t).
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Characterization of Input Process F(t)

FRF of Linearized System

Non-linear stiffness and 

corresponding linearization

No. of terms = 3
Optimal Training 

Length = 1 sec

20


